An ideal and nonideal autoparametrical system excited by DC motor with unbalanced mass is presented in this work. The system consists of the body of mass M which is hung on a nonlinear spring with a nonlinear damper, and a pendulum of the length l and mass m mounted to the body of mass M. It is assumed that the motion of the pendulum is damped by nonlinear resistive forces. Vibrations of both models (ideal and nonideal) are researched. Solutions for the system response are presented for specific values of the parameters of system and the energy transfer between modes of vibrations is studied. Next excited vibrations for both models have been examined analytically and numerically. Except different kinds of periodic vibrations, there may also appear chaotic vibrations.
Introduction
In this work, the nonlinear dynamics of a two-degree-of-freedom autoparametric system excited by DC motor with unbalanced mass as model ideal or nonideal is studied. Dynamical systems with elements of the mathematical or physical pendulum type have important applications. If the pendulum is attached to the body suspended on the flexible element, in this system may occur the autoparametric excitation as a result of inertial coupling. The internal resonance of a parametric type may occur in the systems of this type. The influence of different types of nonlinearities on conditions of internal or external resonances has fundamental meaning. Depending on the excitation is influenced or not by the response of the system, the vibrating system may be called ideal or nonideal. When a forcing function is independent of the system it acts on, then the forcing function is called ideal. The ideal problems are the traditional ones. Formally, the excitation is expressed as a pure function of time, for example, by a sinusoidal excitation. In this case, the excitation is independent of the system response. On the other hand, a forcing function depending on the response of the system is said to be nonideal. When we use a nonideal source of power instead of an ideal one, the excitation should be presented as a period, or existence of a chaotic attractor and various bifurcations. All these effects are verified in the phase space. Nonperiodic attractors are traced by solving an initial value problem. Fast Fourier transform is used to obtain a power spectrum which delivers information about the nature of the investigated periodic and nonperiodic attractors. The maximum Lyapunov exponents are calculated in order to characterize the chaotic orbits.
System description and equation of motion
The investigated system is shown in Figure 2 .1. The system consists of a pendulum and a body of mass M suspended on the flexible element characterized by nonlinear elasticity of rigidity k and nonlinear viscous damping. A pendulum with a weightless rod of length l and a lumped mass m is mounted to the body of mass M. It is assumed that a nonlinear viscous damping force applied in the hinge opposes the motion of the pendulum. The body of mass M is subjected to excitation by an electric motor with unbalanced mass m 0 (modeled as ideal or nonideal system). It was assumed that the elasticity force is S(y) = k 1 (y + y st ) + k 2 (y + y st ) 3 , where y st is the static vertical displacement and k 1 and k 2 are constant coefficients of elasticity. Also it was assumed that the damping force acting on the body M is Q 1 (ẏ) = C 1ẏ + C 3ẏ 3 , while the resistive moment acting on the pendulum
3 , where C 1 , C 2 , C 3 , C 4 are constant coefficients of damping. Vibrations are researched around static point of balance and equations of motion are derived by applying Lagrange's equations. This system is considered as system ideal or nonideal.
2.1. Ideal system. The system presented in Figure 2 .1 has two degrees of freedom. In this case, excitation is expressed as a pure function of time represented by vertical component of inertial force F = m 0 ν 2 r sin(νt). The generalized coordinates are: the vertical displacement y of main mass M, the angular displacement α of a pendulum measured from its lower position. The static vertical displacement y st can be found from 4 Ideal and nonideal autoparametrical system
st , where g is acceleration of gravity. The kinetic energy T and the potential energy V of the system are
and then the equations of motion of the system take the following form:
After introduction, dimensionless time τ = ω 1 t and the following dimensionless coefficients are
equations of motion can be written in the form 
The equations of motion of the system take the following form:
where L(φ) is a driving torque of DC motor and H(φ) is a resistance torque. The following dimensionless definitions are introduced in this model:
where
, where the parameter u 1 is related to the voltage, and u 2 is constant parameter for each model of motor considered. The voltage (parameter u 1 ) is treated as a control parameter.
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After transformations, equations of motion can be written in the form:
The nonideal problem is described by a set of autonomous equations. Time does not appear in (2.9).
Analytical solution
The method of multiple scales is used to obtain approximate solutions of (2.4) and (2.5). By introduction, formal small parameter ε coefficients in (2.4) and (2.5) are defined as
Following the method of multiple scales (Nayfeh, 1979) , the solutions are expressed in the form 
for ε 2 :
for ε 3 :
The solutions of (3.3) can be written as
Substituting (3.6) into (3.4) leads to
where c.c. represents the complex conjugate to the terms presented in (3.7).
8 Ideal and nonideal autoparametrical system Thus, to eliminate terms that produce secular terms, we need to distinguish also the following cases:
For β = 0.5 is internal resonance and for μ = 1 is external resonance, so we assume that μ = 1 + εσ 1 where
For a steady state a = 0, θ 1 = 0, b = 0, θ 2 = 0, and thus
The following two cases of solutions of (3.11) are possible:
(1) b = 0 and a = 0, so
and θ 2 is arbitrary. In this case, the pendulum does not vibrate.
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. Both the pendulum and the oscillator vibrate.
Numerical results
Equations of motion of ideal and nonideal systems are solved numerically for autoparametric resonance conditions defined in Section 3. The calculations are carried out for different values of parameters of the system. The main internal resonance occurs for parameter β near 0.5 while the external resonance occurs for parameter μ near 1. Next is analyzed the influence of the spring nonlinearity on the energy transfer. The internal resonant curves for initial conditions put on pendulum and for various nonlinear coefficients b 1 are presented in Figure 4 .3. As it can be seen from the presented diagram for larger values of b 1 , we can observe new internal resonance areas (for b 1 = 0.8 near the resonance ratio β = 1.7 and for b 1 = 1 near the resonance ratio β = 1.6).
Excited vibrations of ideal system. The influence of damping acting on the body
M and on the pendulum excited by an external harmonic force is investigated. Exemplary results are presented in Figures 4.4 and 4 .5. We can see that even small damping strongly affects the energy transfer between both vibration modes. Exemplary resonant curves (amplitude versus excitation frequency) under the internal resonance conditions are presented in Figure 4 .6.
Near the internal and external resonances depending on a selection of physical system parameters, the amplitudes of vibrations of both coupled bodies may be related differently. The system presents some interesting nonlinear phenomena. Motions y 1 and α are harmonic, multiperiodic or quasiperiodic, but sometimes the motions of the body 
As can be seen from these diagrams, in this case when damping is put on the body of mass M (Figure 4.11) , the oscillations are transferred between modes of vibrations in infinite time, but in a case when damping is put on the pendulum (Figure 4 .12) after time τ = 1000, steady state oscillations take place.
The resonant curves of the body of mass M and of the pendulum for damping put on the body of mass M and on the pendulum for the conditions of the main autoparametric internal resonance are shown in Figure 4 .13.
Near of the physical system parameters, the amplitudes of vibrations of the coupled system may be related differently. The system presents some interesting nonlinear phenomena. Motions y 1 and α are periodic, multiperiodic, or quasi-periodic, but sometimes S. Danuta and K. Maciej 13 the motions of the body of mass M and of the pendulum are chaotic. For characterizing, an irregular chaotic response forms a transition zone between one and another type of regular steady resonant motion, in the present paper, the bifurcation diagrams are constructed. Exemplary results for small nonlinear damping put on the body of mass M and on the pendulum near internal resonance (near the principal autoparametric resonance for β = 0.5) that versus control parameter u 1 which depends on voltage are showed in Figure 4 .14.
As it can be seen from these bifurcation diagrams, several phenomena can be observed, for example, existence of regular or chaotic attractors, and various bifurcations. To verify these phenomena, power spectral densities (their fast Fourier transform-FFT), Poincaré maps, and the largest Lyapunov exponents corresponding to coordinates y 1 and α are constructed. Exemplary results for control parameter u 1 = 1.55 are presented in Figure 4 .15 for displacements y 1 and α, respectively.
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These diagrams confirm the irregular (chaotic) nature of motion. The frequency spectrums are continuous, the Poincarè maps trace the strange attractors, and the largest Lyapunov exponents corresponding to coordinate y 1 and coordinate α are positive.
Conclusions
Motions of the nonlinear dynamical vibrating system with autoparametric coupling modeled as ideal or nonideal are analyzed in the paper. Several interesting phenomena were presented. The influence of linear and nonlinear damping parameters on energy transfer cycle has been observed.
For both models, except different kinds of periodic vibrations, also other kinds of irregular vibrations have been found. To construct the bifurcation diagrams for described models, we have to use different bifurcation parameters-for ideal model bifurcation parameter amplitude of excitation a 1 is used, but for nonideal model as control parameter parameter u 1 is used, which is related to the voltage of DC motor. When the bifurcation diagrams are plotted, several phenomena can be observed. All these phenomena have to be verified in the phase space. Nonperiodic attractors are traced by solving an initial value problem. The maximum Lyapunov exponents have been calculated in order to characterize the chaotic orbits.
